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Abstract. The article deals with the influence of the skewness of quasi-constant stress range on the fatigue resistance 
of a steel bridge member subjected to multiple repeated loading. It is shown that it is necessary to know the statistical 
characteristics and type of probability density function relatively accurately in the case of quasi-constant stress range, 
otherwise the estimation of the fatigue resistance may be inaccurate. The fatigue resistance is studied using linear 
fracture mechanics. The random characteristics of the steel member are simulated using the Latin Hypercube Sam-
pling method. The results of experimental research on calibration functions used in linear fracture mechanics are ap-
plied in this study. The calibration function for pure bending, which is presented on an extended domain of relative 
crack length, is applied. Non-parametric rank-order correlation identifies a strong influence of the quasi-constant 
stress range on the fatigue resistance. A detailed comparison of three variants of fatigue resistance as output random 
variables is performed. The results show that the probabilistic assessment of reliability may be burdened with greater 
or lesser epistemic uncertainty, which can distort the estimates of the remaining service life of the load bearing bridge 
member. 
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Introduction 

Steel bridges are exposed to degradation processes, which can reduce their service life very rapidly. Stress history is 
one of the many factors influencing the expected service life of steel bridges in the Czech Republic. Other factors are 
material characteristics and the environment, which exhibit uncertainty and randomness during the service life of the 
bridge. The nature of fatigue processes and uncertainties associated with traffic intensity and the estimation of future 
loads requires field inspections as a necessary tool for fatigue damage detection and prevention. In view of these 
facts, it is more appropriate to conduct fatigue life assessment in a probabilistic way rather than using deterministic 
procedures. A general overview of research development in the field of fatigue life assessment of steel bridges per-
formed using literature with theory pertaining to fatigue, methods, technology and application has been published in 
(e.g. Ye, Su, & Han, 2014). 

Fatigue analysis has been developed to provide designers and engineers with methods that practically, easily 
and cost-effectively assess the service life of load bearing structures (e.g. Cui, 2002; Zerbst et al., 2016). Propagation 
of fatigue cracks occurs due to stress changes, which can be analysed using the finite element method. The analysis 
of reliability and limit states of load bearing structural members and geotechnical bodies is usually based on ad-
vanced statistical methods (e.g. Kala, 2012; Kala & Valeš, 2017; Kala, Valeš, & Jönsson, 2017; Jönsson, Müller, 
Gamst, Valeš, & Kala, 2019; Chalmovský et al., 2017) and sensitivity analysis (Kala & Valeš, 2018; Štefaňák, Kala, 
Miča, & Norkus, 2018). Stochastic modelling of fatigue processes is preceded by experimental research (Seitl, Mi-
arka, Malíková, & Krejsa, 2017). Probabilistic methods along with linear fracture mechanics (Kala, 2008; Krejsa, 
Kala, & Seitl, 2016) and experimentally obtained data (Seitl et al., 2017) provide a widely usable platform for the 
analysis of basic and higher statistical characteristics of fatigue resistance. The outputs of stochastic models provide 
information for decision-making methods, which results in the optimal selection of a procedure among several alter-
native options (Antucheviciene, Kala, Marzouk, & Vaidogas, 2015). Decision-making methods are usually based on 
probabilistic and sensitivity analysis methods, but more often use fuzzy and alternative procedures that process tacit 
knowledge, thereby filling the gaps in finding satisfactory solutions in complex decision-making processes (Ghora-
baee, Amiri, Zavadskas, & Antucheviciene, 2018). 

Fatigue load and resistance are two main variables considered when the stress-life method is selected for the 
development of fatigue reliability analytical models. A substantial number of studies on the assessment of fatigue 



Omishore, A. 2019. Stochastic modelling of fatigue crack growth 

450 

reliability of bridges have been performed using the approach of fracture mechanics (Guo & Chen, 2013). The pre-
sented article presents some methodological issues that need to be addressed in the stochastic analysis of fatigue 
resistance. 

Fatigue resistance based on fracture mechanics and experimental research 

Crack growth is dependent on the number of load fatigue cycles N. Linear elastic fracture mechanics is used to study 
the propagation of crack length a from initial size a0 to the critical size acr, upon which fatigue fracture occurs. Par-
is-Erdogan law relates the stress intensity factor range to the sub-critical crack growth under a fatigue stress regime 
(Paris & Erdogan, 1963). 

 mKC
dN

da
 , (1) 

where da/dN is the crack growth rate denoting the crack growth for a load cycle, m and C are Paris-Erdogan law 
constants that depend on the material, environment and stress ratio, and ΔK is the range of the stress intensity factor 
during the fatigue cycle. Figure 1 shows a schematic plot of the typical relationship between the crack growth rate 
and ΔK. In practice, the Paris law is calibrated to model the linear interval around the centre, see Figure 1. 
 

 

Figure 1. Dependence between crack growth rate and range of the stress intensity factor 

 

Figure 2. Experimentally obtained calibration functions (Seitl et al., 2017, 2018) 

The stress intensity factor range ΔK during the fatigue cycle can be determined as:  

 






W

a
faK  , (2) 

where a is the length of the crack, W is the width of the specimen, Δ is the quasi–constant stress range and f(a/W) is 
the calibration function derived from experimental research published in (Seitl et al., 2017, 2018), see Figure 2. 
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The fatigue resistance based on linear fracture mechanics can be defined as the number of loading cycles for the 
propagation of the crack from size a0 to the critical size acr. The pure bending load action of the corresponding curve 
on Figure 2 are used. The value of fatigue resistance NF (Omishore, 2018) can be derived by integrating Paris’s law 
and substituting log(C) = –11.141+–0.507m as: 

    11.141 0.507
0

1 1

/

acr

F mm m
a

N da
e f a W a
  

 
     

 . (3) 

Input random quantities 

The study is aimed at the stochastic analysis of fatigue resistance NF, which is calculated using linear fracture me-
chanics according to Eq. (3). A more detailed procedure for calculating NF can be found in (e.g. Omishore, 2018). 
The input random variables of the probabilistic model are listed in Table 1. The coefficients of variation of input 
variables are approximately the same as those listed in (Kala, 2008; Omishore, 2018). The initial crack size a0 is 
introduced using a generally suitable and widely implemented lognormal probability density function (pdf) (Kala, 
2008; Omishore, 2018). Gauss pdf is considered for the other random variables with the exception of Δσ. The stress 
range Δσ is introduced with Gauss and Hermite pdfs, which are available in the software Statrel 3.10, see Figure 3. 

Table 1. Input random quantities 

Description Symbol Pdf Unit Mean value Std. deviation Skewness Kurtosis 

Initial crack length a0 log-normal mm 0.526 0.504 3.73 33.75 

Critical crack acr Gauss mm 100 8 0 3 

Specimen width W Gauss mm 230 12 0 3 

Paris exponent m Gauss – 3 0.03 0 3 

Stress range – variant 1 v1 Hermite MPa 60 10 0.5 3 

Stress range – variant 2 v2 Gauss MPa 60 10 0 3 

Stress range – variant 3 v3 Hermite MPa 60 10 –0.5 3 

 
The aim of the study is to investigate the influence of skewness of quasi–constant stress range Δ on the fatigue 

resistance NF. The skewness and kurtosis are higher statistical moments by which the realistically measured observa-
tions deviate from the Gauss pdf. The approximate neglect of skewness and kurtosis and the consideration of Gauss 
pdf is acceptable provided that the effects of skewness and kurtosis on the output variable are small. Otherwise, 
higher statistical moments should be taken into account. Statistical analysis is performed with ten thousand samples 
using the Latin Hypercube Sampling (LHS) method (McKey, Beckman, & Conover, 1979; Iman & Conover, 1980). 

 

 

Figure 3. Three variants of stress range random quantities 
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Figure 4. Statistical analysis of NF1 for v1 

 

Figure 5. Statistical analysis of NF2 for v2 

Results of the statistical analyses are shown in Figure 4, Figure 5 and Figure 6. It is apparent that small changes 
of skewness have a great influence on the results of the statistical analysis. When the skewness value of Δσ increases, 
the mean value, standard deviation and skewness of NF decrease. The effect on kurtosis is opposite, increasing 
skewness of Δσ greatly reduces the value of kurtosis of NF. The greatest values of skewness and kurtosis are obtained 
for variant 3, see Figure 6. The minimum and maximum values of valid observations are approximately the same for 
variants 2 and 3, see Figure 5 and Figure 6. On the contrary, variant 1 yields up to ten times lower extreme observa-
tion value in comparison to variants 2 and 3. For safe and reliable bridge operation the values of NF should be as high 
as possible. However, focusing only on the mean values of NF is not sufficient. Although the statistical analysis of NF 
shown in Figure 6 leads to the highest mean value NF3, the standard deviation of NF3 is higher than those of the other 
variants. Important conclusions can be drawn only by evaluating the probability that the fatigue resistance NF is 
higher than the number of fatigue cycles that actually occur on the bridge structure. Knowledge of the actual histo-
gram of NF is very important for evaluating such a probability and procuring accurate information on the input ran-
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dom variables in Table 1 cannot be underestimated. Small inaccuracies in the skewness of NF strongly influence the 
statistical characteristics and shape of the histogram of NF. Therefore, ensuring accuracy of input data is crucial. 
Similar conclusions can be expected in the case of kurtosis whose influence on NF was not analysed in this paper. 

 

 

Figure 6. Statistical analysis of NF3 for v3 

The sampling of input random quantities was generated for seven statistically independent input variables from 
Table 1, where five input quantities a0, acr, W, m, Δ were used to evaluate runs of NF. The same sets of (pseudo-) 
random numbers are used for input variables a0, acr, W, m in each variant. Calculating the correlation between NF 
from the individual variants measures the sensitivity of NF to Δ, whose (pseudo-) random numbers are different in 
each variant. Kendall rank correlation coefficients are used for the evaluation of sensitivity analysis, where corr(NF1, 
NF2)  0.28, corr(NF1, NF3)  0.28, corr(NF2, NF3)  0.28. The difference between (pseudo-) random numbers in each 
variant NFi shows that sensitivity of NF1 to Δ is approximately thirty percent. The influence of the other variables is 
lower. Kendall rank correlation coefficients have been proven to be more appropriate sensitivity indicators in this 
study than Pearson or Spearman rank-correlation coefficients, which corroborates the results in (Omishore, 2018).  

Measuring sensitivity based on the effect of changes in (pseudo-) random numbers of the monitored input vari-
able on the correlation between two sets of output variables is a new type of sensitivity analysis, which provides fast 
response with good results. On the other hand, this type of sensitivity analysis does not allow the identification of the 
interaction effects between input variables, which would require using global sensitivity analysis based on dou-
ble-nested-loop simulations (e.g. Kala, 2019a, 2019b). 

Conclusions  

Stochastic analysis showed that the fatigue resistance is very sensitive to changes in the skewness of the qua-
si-constant stress range. The mean value, standard deviation and extreme values of fatigue resistance changed very 
rapidly with strong implications for the conclusions that could be drawn in connection to the safety and reliability of 
the bridge member. These results were obtained even though the mean value and standard deviation of the qua-
si-constant stress range were fixed. The mean value and standard deviation are commonly considered sufficient for 
the introduction of input random variables because they allow the application of two-parameter probability density 
functions like Gauss, lognormal, etc. The conclusions of this article are alarming because the first two statistical 
moments are shown to be generally insufficient for modelling the probability density distributions of input random 
variables, whose sensitivity to the output is crucial. The identification of such input random variables has to be per-
formed using sensitivity analysis, which is an important part of stochastic modelling. A new type of sensitivity anal-
ysis, which identifies the dominant stochastic input variables using changes of (pseudo-) random numbers of input 
variables and the subsequent measuring of the effect on the correlation between two sets of output variables, was 
introduced in this paper. The advantage of this type of sensitivity measurement based on non-parametric rank-order 
correlation is the rapid identification of crucial input variables. However, it is not global sensitivity analysis because 
higher-order interactions between input random variables are not identified. 
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